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Abstract
Let H be an involutory Hopf algebra over a field of characteristic 0. If H is either
a finite module over its affine center or a semiprime noetherian affine PI algebra, then it is
Auslander regular and Cohen–Macaulay and is a finite direct sum of prime rings.
 2002 Elsevier Science (USA). All rights reserved.
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0. Introduction
A classical result states that every affine commutative Hopf algebra over
a field of characteristic 0 is regular (combining [Wa, 11.4] with [Wa, 11.6]).
An algebra is called affine if it is finitely generated as an algebra over the base
field. An algebra is called regular if it has finite left and right global dimension.
A naive extension of the classical result to the non-commutative case, namely just
replacing “commutative” by “non-commutative,” does not hold. There are non-
regular finite-dimensional Hopf algebras over any base field. So far it is unclear
what should be the non-commutative version of this classical regularity result. In
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the finite-dimensional case Larson and Radford proved the following very strong
and surprising result. If the base field k is of characteristic 0 and if H is a finite-
dimensional Hopf algebra, then the following are equivalent:
(a) H is semisimple, namely, H has global dimension 0;
(b) H is cosemisimple;
(c) its antipode is involutory
(combining [LR1, 2.6] with [LR2, Theorems 3 and 4]). We say a Hopf algebra
H is involutory or its antipode S is involutory if S2 = idH . This result answers
a question of Kaplansky on the order of antipode of (co)semisimple Hopf
algebras in the case of characteristic 0. This result is also crucial for some recent
results on classification of finite-dimensional Hopf algebras. The hypothesis of
characteristic 0 in the above can be weakened (see [LR1,LR2,EG]). There is
very little known in this direction for infinite-dimensional non-commutative Hopf
algebras, except for verifying the regularity for several classes of Hopf algebras,
namely, universal enveloping algebras of finite-dimensional Lie algebras, many
group algebras and some quantum groups. The recent study of quantum groups at
roots of unity suggests that the regularity of Hopf algebras should be investigated
more intensively. Brown asks [Br, Question C]: Is there an easy method to
recognize when a noetherian Hopf algebra is regular? For more information we
refer to the survey article [Br].
We partially generalize Larson–Radford’s result and the commutative regular-
ity result to some infinite-dimensional non-commutative Hopf algebras.
Theorem 0.1. LetH be an involutory Hopf algebra over a field of characteristic 0.
If H is a finite module over its affine center, then it is regular. As a consequence,
H is Auslander regular and Cohen–Macaulay and is a finite direct sum of prime
rings of the same Gelfand–Kirillov dimension.
By Larson–Radford result or Taft’s example [Taf] the involutory hypothesis
in Theorem 0.1 is necessary. The definitions of the Auslander regularity and the
Cohen–Macaulay property are given in Section 2.
Ideas of the proof were used by many people in the past. Let us mention
two ingredients in the proof. One is that the global dimension of H is equal to
the projective dimension of the trivial module k, which is a result of Lorenz–
Lorenz [LL, 2.4]. The other is that if H is involutory and if there is a finite-
dimensional H -module of finite projective dimension, then k has finite projective
dimension. This idea was used by several people, for example, Larson–Radford
[LR1,LR2] and Lorenz [Lo]. Since H is projective over itself, when H is finite-
dimensional and involutory, the above ideas imply that H has global dimension 0.
In the infinite-dimensional case, it is not obvious that there is a nonzero finite-
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dimensional H -module with finite projective dimension. Our contribution is to
find such a module.
Note that there are many regular non-involutory Hopf algebras that are finite
over their centers (e.g. quantum groups Oq(SLn(k)) and Oq(GLn(k)) where q
is a root of unity). In contrast with the finite-dimensional case regularity does
not imply involutory in the infinite-dimensional case. The involutory property is
probably related to the cosemisimplicity of the Hopf algebra in the noetherian PI
case, but we do not see any relation between involutory and cosemisimplicity in
the non-PI case.
If chark > 0, there are finite-dimensional commutative Hopf algebras that are
not regular, and therefore not semisimple (e.g., H = FpG with G an abelian
p-group). A result of Brown–Goodearl [BG, 1.8] says every regular noetherian
affine PI Hopf algebra is semiprime. So it is natural to ask if semiprimeness is
closely related to regularity. Example 2.8 shows that in general semiprimeness
does not implies regularity. With some hypothesis on chark we prove the
following for involutory PI Hopf algebras.
Theorem 0.2. Let H be a noetherian affine PI involutory Hopf algebra. Suppose
that chark does not divide the dimension of any finite-dimensional simple
H -module. Then the following are equivalent:
(1) H is regular.
(2) H is semiprime.
If these conditions hold, then H is Auslander regular and Cohen–Macaulay
and is a finite direct sum of prime rings of the same Gelfand–Kirillov dimension.
Theorem 0.2 is a partial converse of [BG, 1.8]. It is also a generalization of
a commutative result [Wa, 11.6]. Theorems 0.1 and 0.2 answer the aforemen-
tioned question by Brown [Br, Question C] in some special cases. The proofs are
heavily based on the PI and involutory hypotheses and we do not know how to
extend these results to non-PI and/or non-involutory Hopf algebras. Nevertheless
both provide models for regularity of more general Hopf algebras. We conclude
the introduction with the following questions.
Question 0.3. Suppose that chark = 0. Is every noetherian (and/or affine PI)
involutory Hopf algebra regular?
Question 0.3 has a positive answer in the case of Gelfand–Kirillov dimension 1
(Corollary 3.7). In the non-involutory case Larson–Radford’s result shows that
Question 0.3 has a negative answer. An alternative question for non-involutory
Hopf algebras is the following.
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Question 0.4. Suppose that chark = 0. Is every semiprime noetherian (affine PI)
Hopf algebra regular?
Without the condition of chark = 0 both Questions 0.3 and 0.4 have a negative
answer (see Example 2.8).
1. Some homological lemmas
In this section we recall some results of Lorenz [Lo] and Lorenz–Lorenz [LL].
Let k be a base field. Let H be a Hopf algebra over k with antipode S. Let k
also denote the trivial module H/ker(counit). References for basic notations are
[BG,Lo,LL,Mon].
Projective dimension (respectively global dimension) is denoted by pd (respec-
tively gld). We usually work with left modules. The following is a nice result of
Lorenz–Lorenz [LL, 2.4].
Lemma 1.1. Let H be a Hopf algebra. Then the left gldH is equal to pd(H k).
For two H -modules V and W , the standard H -action on the tensor product
V ⊗k W is defined by the following rule:
h(v⊗w) :=
∑
h1v⊗ h2w
for all v ∈ V , w ∈W , and h ∈H . Lemma 1.1 follows from the following lemma
(see [BG, 1.4(a)] or [LL]).
Lemma 1.2. Let V and W be H -modules. Then pd(V ⊗k W) pdV .
For H -modules V and W , there is an standard H -module structure defined on
Homk(V ,W). We will only use V ∗ := Homk(V , k). For h ∈H and f ∈ V ∗, the
H -module structure on V ∗ is defined by the following rule:
(hf )(v) := f (S(h)v)
for all v ∈ V . There is an evaluation map φV :V ∗ ⊗k V → k. If V is finite-
dimensional, then there is also a co-evaluation map φV : k → V ⊗k V ∗ which
sends 1 ∈ k to ∑i vi ⊗ v∗i where {vi} is a basis of V and {v∗i } is the dual basis.
The next lemma is [Ka, III.5.3].
Lemma 1.3. Let V be a finite-dimensional H -module.
(1) φV :V ∗ ⊗k V → k is an H -homomorphism.
(2) φV : k→ V ⊗k V ∗ is an H -homomorphism.
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Proposition 1.4. If V is a 1-dimensional H -module that has finite projective
dimension, then the left gldH is finite.
Proof. By Lemma 1.3(2), V ⊗k V ∗ ∼= k. By Lemmas 1.1 and 1.2,
gldH = pdH k = pd(V ⊗k V ∗) pdV. ✷
Proposition 1.4 implies a result about commutative Hopf algebras [Wa, 11.6].
Corollary 1.5. Let k be a perfect field. Then a noetherian commutative Hopf
algebra H is regular if and only if it is semiprime. In this case, H is a finite
direct sum of domains.
Proof. By a result of Molnar [Mol], every noetherian commutative Hopf algebra
is affine.
If H is regular, then it is a direct sum of domains by commutative ring theory,
or by [BG, 1.8].
Conversely we assume H is semiprime. It suffices to show that H ⊗k k is
regular where k is the algebraic closure of k. Since k is perfect, H is semiprime
if and only if H ⊗k k is [Wa, p. 53, Example 2]. Replace H by H ⊗k k we may
assume that k is algebraically closed. In this case every simple H -module is one-
dimensional. By [Ma, Theorem 73, p. 246], the set of regular points in SpecH
is open and non-empty (since generic points are regular). Since H is affine, there
are many regular closed points in any non-empty open subset of SpecH . Hence
there is a one-dimensional module V that has finite projective dimension. Now
assertion follows from Proposition 1.4. ✷
If V is finite-dimensional, then (V ∗)∗ is canonically isomorphic to V as
k-vector spaces. It is clear from the definition that, as an H -module, (V ∗)∗ is
canonically isomorphic to S2V where the H -action of S2V is defined by
h · v := S2(h)v
for all h ∈H and v ∈ V . Hence, if H is involutory, then (V ∗)∗ ∼= V .
Lemma 1.6. Suppose H is involutory. Let V be a finite-dimensional H -module.
(1) The composition φV ∗ ◦ φV is equal to (dimV ) idk .
(2) dimV = 0 in k, then k is a direct summand of V ⊗k V ∗ as H -module.
(3) Suppose that dimV = 0 in k. Then gldH  pdV .
Proof. (1) This is clear by linear algebra.
(2) Since H is involutory, (V ∗)∗ ∼= V as H -modules. Since both maps
φV ∗ :V ⊗k V ∗ → k and φV :V ⊗k V ∗ are H -homomorphisms [Lemma 1.3], the
nonzero map
[
(dimV )−1φV ∗ ◦ φV
]
: k→ V ⊗k V ∗ → k
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is an isomorphism of H -modules. Hence k is a direct summand of V ⊗k V ∗ as an
H -module.
(3) Since H is involutory, the left global dimension of H is equal to its
right global dimension. By (2) pdk  pdV ⊗ V ∗. The assertion follows from
Lemmas 1.1 and 1.2. ✷
The following is an immediate consequence of Lemma 1.6(3).
Theorem 1.7. Let H be an involutory Hopf algebra. Suppose there is a finite-
dimensional H -module V of finite projective dimension. If dimV = 0 in k (e.g.,
chark = 0), then H is regular.
In other words, if H has infinite left global dimension and if V is a
finite-dimensional H -module of finite projective dimension, then chark divides
the dimension of V . If H is finite-dimensional, then every finite-dimensional
H -module of finite projective dimension is projective. Hence we reprove a result
of Lorenz [Lo, Theorem 1].
Corollary 1.8. Let H be a finite-dimensional involutory Hopf algebra. If H is not
semisimple, then chark divides the dimension of any finite-dimensional projective
H -module.
2. Proof of Theorem 0.1
We still write H for a Hopf algebra and write A for a general k-algebra. Let A◦
denote the opposite ring ofA. We adopt the convention of identifyingA◦-modules
with rightA-modules. A polynomial identity algebra, or PI algebra for short, is an
algebra satisfying a polynomial identity. We refer to [MR, Chapter 13] for basic
material about PI algebras.
We consider homomorphisms between two algebras that may not be compati-
ble with the coalgebra structures if both are Hopf algebras. The following lemma
is clear because the tensor product B ⊗A −preserves projective modules.
Lemma 2.1. Let f :A→ B be an algebra homomorphism. Let V be a non-zero
A-module. If BA is flat, then pdB(B ⊗A V ) pdA V .
Let B be a flat right A-module. We say BA is faithfully flat if B ⊗A V = 0
for all non-zero A-module V . We say an A-module M is finite if it is finitely
generated over A. We say an algebra homomorphism f :A→A′ is finite if A′ is
a finite module over A on both sides.
Remark 2.2. By [WZ, 0.3] if H →H ′ is a finite algebra homomorphism between
two noetherian affine PI Hopf algebras of the same injective dimension and if H
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is regular then H ′ is projective (hence flat) over H on both sides. If H is a sub-
Hopf algebra of H ′, it is conjectured that H ′ is faithfully flat overH [Mon, 3.5.4].
The conjecture holds for finite-dimensional Hopf algebras by a result of Nichols–
Zoeller [NZ] and for commutative or cocommutative Hopf algebras by a result of
Takeuchi [Ta]. A counterexample to the conjecture is given by Schauenburg [Sc].
However, it is believed that the conjecture holds for involutory Hopf algebras (or
Hopf algebras with bijective antipode).
Proposition 2.3. Let f :H → H ′ be a finite algebra homomorphism between
Hopf algebras. Let V =H ′ ⊗H k. Suppose that
(1) H is regular,
(2) H ′ is a faithfully flat right H -module,
(3) chark does not divide dimV , and
(4) H ′ is involutory.
Then the left gldH ′ is finite.
Proof. Since H is regular, pdH k is finite. Since H ′H is flat, pdH ′ V is finite by
Lemma 2.1. Since H ′H is finite and faithfully flat, V is finite-dimensional and
non-zero. The assertion now follows from hypothesis (3) and Theorem 1.7. ✷
We refer to [KL] and [MR, Chapter 8] for the definition and basic properties
of Gelfand–Kirillov dimension (denoted by GKdim). We recall the Auslander
regularity and the Cohen–Macaulay property here. Let A be an algebra and M an
A-module. The grade (or the j -number) of M is
j (M)= inf{i ∣∣ ExtiA(M,A) = 0
}
.
An algebra A satisfies the Auslander condition if, for every finite A-module
(respectively A◦-module) M , and for all i , j (N)  i for all submodules N of
the A◦-module (respectively A-module) ExtiA(M,A). An algebra A is Auslander
Gorenstein if it is noetherian, satisfies the Auslander condition, and has finite left
and right injective dimension. If A is Auslander Gorenstein and regular, then A is
said to be Auslander regular. An algebraA is Cohen–Macaulay if, for all non-zero
finite A-modules and A◦-modules M ,
j (M)+GKdimM =GKdimA.
See [Br,Le] for many examples of Auslander regular algebras (e.g., universal
enveloping algebras of finite-dimensional Lie algebras).
We now recall a nice result of Brown–Goodearl [BG, 1.8].
Lemma 2.4. Let H be a regular, noetherian affine PI Hopf algebra. Then H is
Auslander regular and Cohen–Macaulay and is a finite direct sum of prime rings
of the same Gelfand–Kirillov dimension.
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Proof. By [BG, 1.8], H is Auslander regular and Cohen–Macaulay and is a finite
direct sum of prime rings. It remains to show that every direct summand of H has
the same Gelfand–Kirillov dimension. Let H =⊕i Ai be a direct sum of prime
rings. For every i , HomH (Ai,H) = 0, so j (Ai) = 0. By the Cohen–Macaulay
condition, GKdimAi =GKdimH − j (Ai)=GKdimH . ✷
Theorem 0.1 is a special case of the following theorem.
Theorem 2.5. Suppose that chark = 0. Let H be an involutory Hopf algebra that
is a finite left and right module over an affine commutative subring Z. Then H is
regular. As a consequence H is Auslander regular and Cohen–Macaulay and is
a finite direct sum of prime rings of the same Gelfand–Kirillov dimension.
Proof. By Noether normalization, there is a subring C ⊂ Z such that (a) Z is
finite over C and (b) C is isomorphic to a commutative polynomial ring. Hence
H is a finite left and right module over C. By [WZ, Theorem 0.2(3)]
injdimH =GKdimH =GKdimC = injdimC.
Since C is a regular Hopf algebra, [WZ, 0.3] applies and H is projective over C.
Since C is a commutative polynomial ring, every projective C-module is free,
hence faithfully flat. The assertion follows from Proposition 2.3. The consequence
follows by Lemma 2.4. ✷
Corollary 2.6. Let H be a noetherian affine PI involutory Hopf algebra. Suppose
H is not semiprime (or not a finite direct sum of prime rings). If V is a non-zero
finite-dimensional H -module of finite projective dimension, then chark divides
the dimk V .
Proof. By Lemma 2.4, H is not regular. The assertion follows from Theorem
1.7. ✷
The involutory hypothesis in Theorem 0.1 cannot be replaced by the hypothesis
that S2 is inner, as the next example shows.
Example 2.7. Let H be any finite-dimensional Hopf algebra and let D(H) be
the Drinfeld double of H [Mon, 10.3.5]. Then D(H) is a quasi-triangular Hopf
algebra. In particular, the square of the antipode of D(H) is inner. But D(H) may
not be semisimple in general. In fact, D(H) is semisimple if and only if both H
and H ∗ are semisimple [Mon, 10.3.13].
The following example is due to Martin Lorenz, which shows that Theo-
rems 0.1 and 0.2 fail without the hypothesis on the characteristic of k.
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Example 2.8 (Lorenz). Let S2 := {1, σ } act on Z as the sign representation,
namely, σ · n = (−1)nn. Let Γ be the semi-direct product Z  S2. We consider
the group ring kΓ , which is an involutory cocommutative Hopf algebra.
The center of kF is k(2Z), which is isomorphic to k[x±2]. And kΓ is finite
over the center. It is easy to check directly that kΓ is prime. Another way
of showing this is the following. Note that Γ has no non-trivial finite normal
subgroup, then by [Pa, 4.2.10] kΓ is prime.
If chark = 0, then it follows from Theorem 0.1 that gldkΓ = 1.
Now we suppose that the base field k has characteristic 2. Since S2 is
a subgroup of Γ , it follows from [Pa, 10.3.7(ii)] that
gldkΓ  gldkS2.
Since chark = 2, gldkS2 =∞. Hence gldkΓ =∞.
In summary, kΓ is an involutory Hopf algebra of infinite global dimension that
is prime and finite over its affine center.
3. Proof of Theorem 0.2
The next lemma is well-known. It follows from [Pr, VIII.2.2(1)] and [Ma,
Theorem 73, p. 246] (also see [YZ, 6.1]). If c is a central element of A,Ac denotes
the localization A[c−1].
Lemma 3.1. Suppose A is an affine prime PI algebra with center C. Then there
is a non-zero element c ∈ C such that Ac is an Azumaya algebra over its center
Z(Ac)= Cc, and Cc is a regular commutative affine algebra. As a consequence,
Ac is regular.
Immediately there is a version of Lemma 3.1 for semiprime rings.
Lemma 3.2. SupposeA is an affine semiprime PI algebra. Then there is a regular
central element c such that Ac is a finite direct sum of Azumaya algebras and the
center of Ac is a regular commutative affine ring.
Proof. Let {pi} be the finite list of all minimal primes of A [Pr, V.2.2 and V.2.3].
Then for each Bi := A/pi there is a non-zero central element bi such that Bibi is
regular and Azumaya over its center (Lemma 3.1). We may choose bi so that it is
contained in the image of
⋂
j =i pj . Let ci ∈A be a pre-image of bi contained in⋂
j =i pj . Then each ci is central and c :=
∑
i ci is regular. It is clear that cicj = 0
for all j = i . Hence ei = cic−1 are central idempotents which give the direct sum
decomposition of Ac. It is easy to check that the component Acei is isomorphic
to Bibi . Since each prime component Acei is regular and Azumaya, the assertion
follows. ✷
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Proposition 3.3. Let A and c be as in Lemma 3.2. Suppose A is noetherian.
Then every simple Ac-module is a finite-dimensional simple A-module of finite
projective dimension.
Proof. Let V be a simple Ac-module. Then V is finite-dimensional since Ac is
affine and PI. Let W be a simple A-submodule of V . Since c acts on V bijectively,
c :W →W is bijective and W is an Ac-module. This implies that W = V .
Since Ac is regular, V has finite projective dimension over Ac. To show
V has finite projective over A, we use the fact Ac = A ⊗k[c] k[c, c−1]. For
every A-module or k[c]-module M , let Mc denote M ⊗k[c] k[c, c−1]. For finite
A-modules M and N , by Lemma 3.4 below c acts on ExtiA(N,M) centrally and
there is a natural isomorphism
ExtiA(N,M)c ∼= ExtiAc (Nc,Mc)
for all i . Let N be the simple Ac-module V . Then V = Vc and ExtiA(V,M) =
ExtiA(V,M)c since c acts as an isomorphism on V and hence also on Ext
i
A(V,M).
Hence
ExtiA(V,M)= ExtiA(V,M)c = ExtiAc (Nc,Mc)= 0
for all i > gldAc and for all M . Thus AV has finite projective dimension bounded
by gldAc. ✷
The following lemma is well-known (see [Ro, 11.58]). An easy proof is
included for reader’s convenience.
Lemma 3.4. Let A be a noetherian ring with a central element c. Let N be a finite
A-module and M be any A-module. Then c acts on ExtiA(N,M) centrally and
ExtiA(N,M)c ∼= ExtiAc (Nc,Mc) for all i .
Proof. If M is an A-module and c is a central element of A, then c can act on
M from left and right equally, or M can be viewed as left A- and right k[c]-
module with left and right actions of c coincide. If N and M are A-modules, then
c acts in HomA(N,M) centrally. Since ExtiA(N,M) is the ith cohomology of
HomA(P •,M) where P • is a projective resolution of N , c acts on ExtiA(N,M)
centrally.
If F is free and finite A-module, then
HomA(F,M)⊗k[c] k
[
c, c−1
] θ→HomAc
(
F ⊗k[c] k
[
c, c−1
]
,M ⊗k[c] k
[
c, c−1
])
is an isomorphism where θ is the map defined by
θ
(
g⊗ cn) :x ⊗ cm→ g(x)⊗ cn+m
for all g ∈HomA(F,M), all x ∈ F and all n,m ∈ Z. This θ is natural on F . Hence
the assertion follows by taking a finite free resolution of N . ✷
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Proof of Theorem 0.2. (1) ⇒ (2) is Lemma 2.4. The last statement also follows
from Lemma 2.4.
(2)⇒ (1) By Proposition 3.3, there is a finite-dimensional simpleH -moduleV
that has finite projective dimension. The assertion now follows Theorem 1.7. ✷
If k is algebraically closed there is a common bound for the dimension of the
simple modules and we therefore obtain the following result.
Proposition 3.5. Let H be a noetherian affine PI involutory Hopf algebra over
an algebraically closed field k. Suppose H is semiprime and chark does not
divide the PI-degree of H/p for some minimal prime p of H . Then H is Auslander
regular and Cohen–Macaulay and is a finite direct sum of prime rings of the same
Gelfand–Kirillov dimension.
Proof. By Lemma 3.2, (H/p)c is a direct summand of Hc where c is the image of
c in H/p. Since k is algebraically closed and (H/p)c is Azumaya, the dimension
of every simple (H/p)c-module is equal to the PI-degree of (H/p)c, which is
equal to the PI-degree ofH/p. The assertion follows by Theorem 1.7, Lemma 2.4,
and Proposition 3.3. ✷
Finally we consider algebras of Gelfand–Kirillov dimension 1. The following
lemma is an easy consequence of the result of [SSW].
Lemma 3.6. If A is an affine noetherian algebra of Gelfand–Kirillov dimension 1,
then there is an x ∈A such that A is finite over k[x] on both sides.
Corollary 3.7. Suppose that chark = 0. Then every noetherian affine involutory
Hopf algebra of Gelfand–Kirillov 1 is regular.
Proof. By Lemma 3.6, there is an x ∈H such that H is finite over k[x] on both
sides. The assertion follows from Theorem 2.5. ✷
Remark 3.8. The main result of [WZ] is that every noetherian affine PI Hopf
algebra is Auslander Gorenstein and Cohen–Macaulay. This could be useful for
the regularity question asked in Questions 0.3 and 0.4. Evidence for this is that
our proof of Theorem 2.5 is based on [WZ, 0.3], which is a consequence of the
main result of [WZ].
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